ABSTRACT
INTRODUCTION
Cross-ply laminated composite beams (CLCB) are those having alternating layers of material bonded together in some manner, and found in many of the products used in our day-to-day lives, like cars, boats, machines. Additionally, they are used in many critical industrial, aerospace and military applications. The benefits of composites have fueled growth of new applications in It is very important to estimate the values of natural frequencies of CLCB in order to avoid failure by avoiding resonance when these beams subjected to dynamic loads. Usually the non-dimensionalized frequencies are computed and can then be applied for any beam size. Many parameters are affecting the values of natural frequency; one of them is the end conditions. The first-order shear deformation theory was used by Teboub and Hajela [8] to analyze the free vibration of generally layered composite beams. Banerjee J.R. [9] applied an exact solution to predict the frequency equations and mode shapes of free vibration of laminated composite beams. Also, Abramovich and Livshits [10] presented exact solutions for the free vibration of non-symmetrically laminated cross-ply composite beams. A beam finite element based on layer wise trigonometric shear deformation theory is presented by Shimpi R.P., and Ainapure A.V. [11] . A free vibration analysis of fiber-reinforced composite beams was carried out by Marur S.R. and Kant T. [12] . The authors applied the higher-order theories and finite element method to predict the values of natural frequencies of laminated composite beams.
MATERIAL AND GEOMETRY
AS/3501-6 graphite-epoxy material was used for all numerical results because of its wide applications in modern industries. The mechanical properties of this material are tabulated in Table 1 . 
MATHEMATICAL FORMULATIONS
The time-dependent axial and transverse displacements fields are: 
Where, u and w are the axial and transverse displacements at the mid-plane, z is the perpendicular distance from the mid-plane to the layer plane,  is the rotation of a plane after deformation, and t is the time. The strain-displacement relations are:
Where the subscripts have the same meanings as those used in 3-D elasticity formulation, i.e. 
The elastic constants   
FINITE ELEMENT MODELING
Applying the energy approach for the beam element shown in Figure 2 , the strain energy stored is given by:
Where, bdxdz dV  and the subscript, e, means one element
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The degrees of freedom at each node are; the axial displacement u, deflection w, and rotation  , and can be written in terms of their nodal values as follows:
Where, i N is shape function and assumed as a second-order polynomial as:
The constants i a , i b and i c can be computed for each element from the following data:
Equations (7), and (8) leads to the final form of the non-dimensional element stiffness and inertia matrices [K] e , and [M] e respectively. These individual element stiffness and inertia matrices must be linked together or assembled to form the global matrices and to characterize the unified behavior of the entire beam. Therefore, the global stiffness and inertia matrices are given respectively by,
Where, N is the total number of beam elements. The solution can be obtained after the incorporation of ends conditions which will modify both stiffness and inertia matrices. Thus, the non-dimensional natural frequencies can be determined from the relation:
Where, I is an identity matrix, and  is the non-dimensionalized natural frequencies, which can be computed by computing the square root of the eigenvalues of the matrix
using a suitable computer program (Here MATLAB was used).
METHOD VALIDITY
In order to check the validity of the present method, some comparisons were performed. These comparisons were selected to cover the cases of symmetrically and non-symmetrically laminated beams. Table 2 presents a comparison with Abramovich and Livshits [10] of the non-dimensional frequencies of symmetric [0/90/90/0] cross-ply graphite-epoxy beams for aspect ratio of (L/h = 10). The end conditions considered are hinged-hinged, fixed-free, and fixed-fixed with immovable ends. Here, the authors introduced the secondary effect of coupling between bending and torsion in their analysis, which is small, compared with the other secondary effects. For the hinged-hinged beam, a percentage difference of less than 0.16% was recorded for the fundamental frequency, and less than 0.54% for both fixed-free and fixed-fixed beams. This difference was observed to increase as the mode order increases (less than 1.4%) for the seventh mode for all beams considered. Another comparison was carried out with the results of Marur and Kant [12] . Table 3 The authors applied the higher-order shear deformation theory (HOSDT) in the analysis, whereas, the present method uses firstorder shear deformation theory. The comparison shows a percentage difference of less than 0.03% for the fundamental mode of vibration. This difference increases with the mode order to less than 3.6% for the sixth mode. Table 4 shows the first ten modes of free vibration of CLCB with immovable ends (i.e. axial movement is restricted), while table 5 shows those for movable ends. Generally, it is found that more constrained beams have high values of natural frequencies. However, the free-free and hinged-free beams are found to have the highest frequencies amongst all beams although they look less constrained. This behavior is due the fact that the first mode of the two beams is equal zero and replaced by the second mode. The fundamental mode shapes of both beams are straight lines, Figure 3 , and this due to the rigid motion in this mode where there is no vibrating motion. Also, it can be observed from the results in tables 4 and 5 that the values of the non-dimensionalized natural frequencies of the transverse modes are not affected by the longitudinal movements of the ends since these modes are generated by lateral movements only. However, the values of the natural frequencies of longitudinal modes are found to be the same for all beams with movable ends since they are generated by longitudinal movements only. It could be noticed that the values of nondimensionalized natural frequencies of the longitudinal vibration for the clamped-free (CF) and hinged-free (HF) beams are equal, and those of the other beams are also the same. This phenomenon occurs since both clamped-free and hinged-free beams with immovable ends are the same when restricted from executing longitudinal motion at the ends. Similarly, the rest of beams with immovable ends have the same longitudinal end conditions.
NUMERICAL RESULTS AND DISCUSSIONS
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CONCLUSIONS
In the present study, the effects of end conditions of CLCB on their non-dimensionalized natural frequencies are studied. The problem is modeled and analyzed by the finite element method. Twelve end conditions were studied which are clamped-free, hinged-hinged, clamped-clamped, hinged-clamped, hinged-free, and free-free beams with immovable and movable ends. It is found that more constrained beams have high values of natural frequencies. However, the free-free and hinged-free beams are found to have the highest frequencies amongst all beams although they look less constrained. The transverse modes are not affected by the longitudinal movements of the ends since these modes are generated by lateral movements only. The values of the natural frequencies of longitudinal modes are found to be the same for all beams with movable ends since they are generated by longitudinal movements only. But for immovable ends, the clamped-free and hinged-free beams have equal frequencies in longitudinal vibration, and those of the other beams are also the same.
